We consider complete metrics on the unit disk in S that are equivalent and conformai to the Poincaré metric.
Introduction
Let D = {x £ R2 : \x\ < 1} and K be a real function on D. In [6] , Kazdan asked when K was the Gauss curvature of a complete metric conformai to the Poincaré metric on D. In [1, 2, 5] we have the "Yes" answer under the following condition:
(0.1) There exist two negative constants a and b such that in a neighborhood
of the boundary dD of D a<K <b < 0.
We also have the "No" answer in [2] if K is nonnegative in a neighborhood of dD. In this paper we replace (0.1) by Lp-conditions weaker than the old one. It is natural to use Lp -conditions because we define the length of curves by integration.
Our method is as follows: Let K0 be a nonpositive Holder-continuous function on D, which is the Gauss curvature of a metric p = e"°(dx2 + dy2) such that p is equivalent to the Poincaré metric. Consider the perturbations K = (K + K0) and v = u + u0 of K0 and u0, respectively. We try to find conditions on K such that there is a bounded solution of the equation
(Note that Au0 = -K0e2u°.) When K0 = -l, e2u° = 4(1 -\x\2)~2, and (0.2) becomes m,,,
Our results are the following theorems. Remark. Here K may not satisfy (0.1) for any a and b. Some special examples of K considered in the theorems above have been given in [2] . In § §1 and 2 we prove the theorems for the case K0 = -1, and we consider general cases in the last section.
Existence
Denote by X the family of measurable functions u such that 
Proof. Using the Trudinger imbedding theorem [3, 7, 9] , we see that the functions in the right-hand side are in L2(Dr). Thus by [4, Theorem 8.9, p. 185] we get the lemma. D Fix a K in X. By Lemma 1.1, the following mapping is well defined:
We have the following lemma.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use We shall prove that A is bounded in W^'2(Dr). Indeed, let t £ (0, 1) and w £ Wç,2(Dr) suchthat n« a 4í 4f(*-l)g2"'
Put w+ = max{0, w} and w~ = max{0, -w}. Multiplying both sides of (1.5) by -w and integrating them on Dr, we get (1.6) Í ,r, ,2 .
, í Í w (K-l)we2w\ , / Vu> dx = 4i / {-t^ + --, , > dx,
Since AT -1 < 0, we have (1.7) (K-l)w+e2w+ <(K-l)w+ and -(K -l)w~ e~2w~ <-(K -l)w~.
By (1.6) and (1.7), we obtain f \Vw\2dx<4Í KW21dx 
